Introduction {#Sec1}
============

An influential theorem of Harer \[[@CR9]\] shows that the cohomology of the moduli stack $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {M}}_g$$\end{document}$ of genus *g* Riemann surfaces is independent of *g* in a range of degrees called the stable range, even though there is no direct map between the moduli spaces for different genera. With rational coefficients, the cohomology in the stable range is a polynomial ring, but with more general coefficients it is best described via *infinite loop spaces*, as shown by \[[@CR11]--[@CR13]\]. In earlier papers (\[[@CR5]--[@CR7]\], see also \[[@CR8]\] for a survey), we have studied moduli spaces of higher-dimensional manifolds and, in some cases, have again shown that different moduli spaces have isomorphic cohomology in a range of degrees. For $\documentclass[12pt]{minimal}
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                \begin{document}$$n > 1$$\end{document}$, one can in most cases not make an integral comparison of moduli spaces of manifolds related by connected sum with copies of $\documentclass[12pt]{minimal}
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                \begin{document}$$S^n \times S^n$$\end{document}$, at least not by an obvious generalization of the $\documentclass[12pt]{minimal}
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                \begin{document}$$n=1$$\end{document}$ case, where a zig-zag of integral homology equivalences can be defined using manifolds with boundary. In this paper, we show that a comparison is possible after all, although not with all coefficient modules. We also give examples showing that assumptions on the coefficients are necessary.

Comparing moduli spaces of closed manifolds {#Sec2}
-------------------------------------------

All manifolds in this paper will be smooth, compact, connected, and without boundary. If *W* denotes such a manifold, then there is a *moduli space*$\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {M}}(W)$$\end{document}$ classifying smooth fiber bundles whose fibers are diffeomorphic to *W*. As a model, we may take $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {M}}(W) = B\mathrm {Diff}(W)$$\end{document}$, the classifying space of the diffeomorphism group $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Diff}(W)$$\end{document}$ of *W*, equipped with the $\documentclass[12pt]{minimal}
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                \begin{document}$$C^\infty $$\end{document}$ topology. Then for *A* an abelian group, $\documentclass[12pt]{minimal}
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                \begin{document}$$H^{i} ({\mathcal {M}}(W);A)$$\end{document}$ is the group of $\documentclass[12pt]{minimal}
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                \begin{document}$$H^i(-;A)$$\end{document}$-valued characteristic classes of such fiber bundles.
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                \begin{document}$$d = 2n$$\end{document}$ and *W* be a *d*-manifold. The connected sum $\documentclass[12pt]{minimal}
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                \begin{document}$$W \# (S^n \times S^n)$$\end{document}$ is then well defined up to (non-canonical) diffeomorphism, as $\documentclass[12pt]{minimal}
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                \begin{document}$$S^n \times S^n$$\end{document}$ admits an orientation-reversing diffeomorphism, and we write $\documentclass[12pt]{minimal}
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                \begin{document}$$W \# g(S^n \times S^n)$$\end{document}$ for the *g*-fold iteration of this operation. Two manifolds *W* and $\documentclass[12pt]{minimal}
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                \begin{document}$$g,g' \in {\mathbb {N}}$$\end{document}$. For example, any two orientable connected surfaces are stably diffeomorphic, while two non-orientable connected surfaces are stably diffeomorphic if and only if their Euler characteristic have the same parity.

In this paper, we shall ask about the relationship between $\documentclass[12pt]{minimal}
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                \begin{document}$$W'$$\end{document}$ are stably diffeomorphic. As a special case, our main result will provide a canonical isomorphism$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H^i({\mathcal {M}}(W);{\mathbb {Z}}_{(p)}) \cong H^i({\mathcal {M}}(W');{\mathbb {Z}}_{(p)}) \end{aligned}$$\end{document}$$as long as these manifolds are simply-connected and of dimension $\documentclass[12pt]{minimal}
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                \begin{document}$$(-1)^n \chi (W')$$\end{document}$ are large compared with *i* and have the same *p*-adic valuation.

The precise statement of our main result applies more generally, and before giving it we first explain its natural setting. If *W* is given an orientation $\documentclass[12pt]{minimal}
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                \begin{document}$$W \# g(S^n \times S^n)$$\end{document}$ inherits an orientation, well defined up to oriented diffeomorphism, and we say that $\documentclass[12pt]{minimal}
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### Theorem 1.1 {#FPar1}
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In Sect. [4](#Sec6){ref-type="sec"}, we give an example showing the third condition cannot be relaxed.
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### Remark 1.2 {#FPar2}
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Operations on infinite loop spaces {#Sec3}
----------------------------------
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### Theorem 1.3 {#FPar3}
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### Theorem 1.4 {#FPar4}
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Remark 2.2 {#FPar7}
----------
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Proof of Theorems [1.3](#FPar3){ref-type="sec"} and [1.4](#FPar4){ref-type="sec"} {#Sec5}
=================================================================================
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Proof of Theorem 1.3 {#FPar8}
--------------------
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All spaces in the diagram "vary continuously in *V*," in the sense that they are fibers over *V* of fiber bundles over $\documentclass[12pt]{minimal}
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Similarly, the diagrams ([3.3](#Equ10){ref-type=""}) assemble over *V* to a diagramwhich commutes up to a canonical homotopy.
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Proof of Theorem 1.4 {#FPar9}
--------------------

We continue with the notation developed above. The spectrum homology of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{st}$$\end{document}$ is all 2-torsion, so the localization $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{st}[\frac{1}{2}]$$\end{document}$ as a spectrum is contractible. However, the localized space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\Omega ^\infty C_{st})[\frac{1}{2}]$$\end{document}$ is not contractible since it has two components. Instead, there is a spectrum map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_{2n}\,{:}\, C_{st} \rightarrow H{\mathbb {F}}_2$$\end{document}$ which becomes an isomorphism in homology of infinite loop spaces with coefficients in any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {Z}}[\frac{1}{2}]$$\end{document}$-module. Similarly, the map$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Omega ^{\infty } MT\Theta \longrightarrow Q({\overline{B}}_+) \times _{\Omega ^\infty H{\mathbb {F}}_2} \Omega ^{\infty -1} MT{\overline{\Theta }} \end{aligned}$$\end{document}$$induces an isomorphism in homology with coefficients in any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {Z}}[\frac{1}{2}]$$\end{document}$-module, and hence a weak equivalence of localized spaces. The spectrum map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2\,{:}\, S^0 \rightarrow S^0$$\end{document}$ induces a self-map of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q({\overline{B}}_+)$$\end{document}$ commuting with the action of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {hAut}({\overline{\Theta }})$$\end{document}$ and whose restriction to the even-degree path components commutes with the map to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega ^\infty H{\mathbb {F}}_2$$\end{document}$. This self-map can be used in place of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1 + kst$$\end{document}$ to produce $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi ^2$$\end{document}$.

An example {#Sec6}
==========

In this section, we will give an example to show that in Theorem [1.1](#FPar1){ref-type="sec"} it is indeed necessary to take homology with certain primes inverted. We will take as an example the 6-manifolds $\documentclass[12pt]{minimal}
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Theorem 4.1 {#FPar10}
-----------
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Proof of Theorem 4.1 {#FPar11}
--------------------
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